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The Thomas-Fermi model is studied in the light of multiple scales. The 
governing equation for the effective nuclear charge in a heavy, neutral atom 
is converted into a set of partial differential equations by an extension of the 
radial distance into a space of higher dimension. This is done by using “scale 
functions” which are necessarily nonlinear. A new analytical approximation 
for the nuclear charge is obtained by solving the extended equations. It is seen 
that the result is useful in several respects- provides enough arbitrary constants 
to absorb the boundary conditions, describes the correct asymptotic behavior 
both for small and large distances from the nucleus, and recovers a known exact 
solution under appropriate conditions. A uniform analytical description of the 
phenomenon is obtained and the approach is physically meaningful. 
1. INTR~DUOTI~N 
In this paper an investigation will be made of analytical approximations to 
the Thomas-Fermi equation in atomic physics. The model describes the 
effective nuclear charge in a heavy, neutral atom. Historically, the problem 
has been studied by many. Thomas [l] and Fermi [2] derived analytical 
approximations of limited validity based on graphical methods. Numerical 
solutions were obtained by Fermi and by Bush and Caldwell [9], for which 
the latter used a differential analyzer. Baker [4] extended Fermi’s approxima- 
tion by including a few more terms in a power series expansion. 
Sommerfeld [7] developed an analytical approximation based on a known 
particular solution. The present approximation is derived through a novel 
technique by a rational procedure and possesses a number of advantages. 
The method used is that of multiple scales, in which the domain of the inde- 
pendent variable is enlarged into a space of higher dimension. This technique 
has evolved relatively recently [12] [14] and has been studied in connection 
with physical problems. Earlier applications have considered linear scales. 
In this paper, however, it is to be noted that we will use the concept of 
generalized multiple scales, as developed by the author [5-6, lo-111 in which 
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the scales can be nonlinear functions as well as, in general, complex quanti- 
ties. The ordinary differential equation is converted into a set of partial 
differential equations, and these are solved approximately by a judicious 
choice of scale functions. It is hoped that this technique, which is not widely 
known, would lead to useful results in related problems. 
In order to appreciate the origin of the problem, we shall briefly trace the 
development of the physical model. The determination of the effective 
nuclear charge in a heavy, neutral atom was suggested by Thomas [l] and 
Fermi [2] by considering the electrons as a completely degenerate electron 
gas under the influence of the Coulomb field of the nucleus. The different 
states of the electrons are neglected and the individual wave functions are 
replaced by a statistical average. Assuming radial symmetry and using 
Poisson’s equation, a description of the potential distribution for neutral 
atoms was obtained by means of the Fermi-Dirac statistics. After suitable 
normalization in terms of the first radius of the normal orbit of the Bohr 
hydrogen atom, the “effective nuclear charge,” p, was shown to satisfy the 
following nonlinear differential equation: 
(1.1) 
For a neutral atom the boundary conditions are 
and 
P(X) - 0 as x-+ 00. (1.3) 
This method was extended by Baker [4] t o include the effects of positive 
ions as well. He showed that this could be done by a suitable modification 
of the boundary conditions. This is based on a model of a positive ion having 
a finite radius beyond which the charge density is zero. 
The Thomas-Fermi model is fairly accurate for the interior of heavy 
atoms, but is in error for light atoms and for the outer layers of all atoms. 
However, Fermi has shown that this simple model accounts for the important 
features of the periodic system associated with the shell structure. Without 
going into the details of such questions, however, we shall proceed to obtain 
approximate analytical solutions of (1.1). 
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2. REVIEW OF EARLIER RESULTS 
We will now consider earlier studies of the Eq. (1.1) and previous results. 
From graphical considerations Fermi obtained the following approximation: 
+)=l -Bx+$X~/~ 
B M 1.58. 
However, this is valid only for small X. 
An extension of this result was made by Baker [4] in the form of the 
following series: 
x3 2 
q(x)= 1 -Bx+~--BBXI+ a*. +x~:~[+$Bx+;B~x~++ 
where B M 1.588558. Baker obtained this expansion by a method of successive 
approximations. Clearly this is also good for small x only. 
Starting with the known particular solution, 
CpJx) = F. (2.3) 
Sommerfeld [7] developed an interesting approximation in the form, 
dx> = 944 [ 1 + G?bwA1’3]A2’2~ (2.4) 
where h, is the positive root ( w 0.772) and h, is the negative root (- 7.772) 
of the equation, 
A2 + 7h - 6 = 0. (2.5) 
This approximation is very accurate for large x but underestimates the solu- 
tion for small x. 
We will now develop an approximation using a novel technique. The result 
possesses a number of advantages. The approximation is obtained by a 
rational procedure, and the technique presents a new point of view. The 
general approximate solution can absorb the given boundary conditions and 
exhibits the correct asymptotic behavior to leading order. Our approach will 
uniformize the Baker series (2.2) and yields an approximation which is 
valid both for small and large values of x. For a special choice of the arbitrary 
constants our approximation recovers a known exact solution. Further, the 
approach is general so that it can be extended to include more general types of 
equations. 
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3. DEVELOPMENT OF THE APPROXIMATION 
3.1. Multiple Scales Method 
We will now study the Thomas-Fermi equation by the generalized multiple 
scales technique [5,6]. Briefly, the method consists in converting the ordinary 
differential equation (1.1) into a system of partial differential equations by 
enlarging the domain of the independent variable (and the dependent variable 
also if necessary). We will introduce new independent variables which depend 
on the original variable, through a set of “scale functions” and these are 
determined systematically. Physically, this would be tantamount to employing 
a number of independent “observers” who follow the phenomenon by per- 
forming readings on appropriate scales. The partial differential equations are 
solved order by order such that their solutions coincide with solutions of the 
ordinary differential equation along certain lines in the extended space 
known as “trajectories.” The trajectories are actually the functional relation- 
ships between the new scales and the original variable. It is to be noted that 
the “scale functions” necessarily have to be nonlinear as well as, in general, 
complex quantities in order to describe the solutions adequately. Further, 
the choice of the trajectories and the extension itself offer two degrees of 
freedom, which can be utilized in obtaining a useful approximation. The 
present approach [5,6] is thus a generalization of earlier “time scales” analyses. 
The method has been discussed in depth in Ref. [5, 61 and has been applied 
to actual physical problems in [lo] and [ll]. Therefore, it will not be con- 
sidered in detail here except insofar as the present problem is concerned. 
3.2. The Approximation 
We shall begin by considering the Thomas-Fermi equation (1 .l). We will 
first parameterize the equation by means of the transformation: 
(1.1) is now transformed into 
x = ew. (3.2.1) 
(3.2.2) 
We can consider the boundary conditions later. In order to solve this equa- 
tion we shall invoke the method of multiple scales [5,6] and extend the 
domain of the independent variable as follows: 
(3.2.3) 
NEW ANALYTICAL APPROXIMATION 
The derivative operator is extended into 




do =a %o P 71). 
Equating powers of E, the extended perturbation equations are 
a2q 
- = 0, aTo 







If A and B are constants, ATE and B correspond to the solutions of direct 
perturbation theory. We will improve each of these solutions by exploiting 
the 71 dependence of A and B. Now B(T,) and A(T,) 7. are linearly independ- 
ent with respect to To . We will identify them with the solutions or and q2 , 
respectively. We will substitute them individually into (3.2.8) to obtain 
corrections to lowest-order theory. A(T,) and B(T,) are determined as follows. 




0 7 (3.2.11) 
where the prime denotes differentiation with respect to T1 . Rearranging 
terms, 
The left side is a function of T1 only and the right side is a function of To only. 
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Therefore, each is set equal to a constant, s. However, it can be readily 
verified that s can be set equal to unity without loss of generality. Thus, 
(3.2.12) 
and 
fl, = p. (3.2.13) 
Integrating (3.2.12), we obtain 
-2 
B1’2 = b, * 
(3.2.14) 
(i) b. 3 0; 
(ii) b, < 0; let 
b, = - b, and b,’ 3 0. 
Then, 
B(d = (6; : T1>2 9 
(3.2.14a) 
(3.2.14b) 
where b, and b,’ are arbitrary constants, 
Integrating (3.2.13), 
A,(,) = $ T;” + b,~~ + b, . (3.2.15) 
Restricting the extended functions p (T i ,, , TV) along the trajectories am, 
+r2(t), one approximation is written as 
h(‘o ’ T1) I t = (b, + b,f ; E 8 t3/2)2 (3.2.16) 
where b, , 6, are arbitrary constants. 
Now the other solution is obtained by substituting &(To , TV) = A(Tl) To 
into (3.2.8): 
(ii2To + 2ks) A’ = A3i2To . (3.2.17) 
Again rearranging terms, 
-& (4 = & 
9-o 
= s (= 1 as before). (3.2.18) 
2 
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Again, 
The scale function or “clock” is given by 
jig0 + 2&s = 70 . 
Using ~a as an integrating factor, we can write 
-& (A,$) = To? 
Integrating: 





Again restricting &,(~a , 1 T ) along the trajectories, the second independent 
approximate solution is given by 
(3.2.22) 
where a, , a, are arbitrary constants. 
We will now transform the solution back to the x domain using (3.2.1) 
in (3.2.23). The approximate general solution to first order is given by 
+xX) = (b, + h,x: f x3/2)2 + 
144x3 
(a, + QOX It x3)2 ’ 
(3.2.24) 
where b, , b, , a, , a, are arbitrary constants and the E terms have been 
absorbed in them. We note that the parameter, E, completely disappears 
from the equation and the approximation suffers no loss of generality. Setting 
the “clock” integration constants, a 1 , b, to zero, we have the simple form, 
++(x) = (b, + ; x3,2)2 + 
144x 
(a0 + .y2 * 
We could also write the solution in the form, 




3.3. Boundary Conditions 
From the given conditions (1.9b), q(O) = 1 and, therefore, b, = 1. The 
solution is 
@+(x) = (1 + ; x3/2)2 + 
144x 
(a0 + x212 
and 
6(x) = (1 _ ; x3,2 2 + 
144x 
(a0 - x2)2 * 
(3.2.26a) 
(3.2.26b) 
Absorbing the condition q(O) = 1 in (3.2.24) we can write 
$xX) = (1 + BP: (3.2.27) 
b, is chosen to fix the slope of the solution at x = 0. Comparing with the 
Baker series b, is taken to be B/2 = 0.794. The solution is now given by 
ax) = (1 + 0.794: f #x3/2)2 + 
144x3 
(a, + aox 4~ x3J2 ’ 
(3.2.28) 
4. ANALYSIS OF APPROXIMATION 
We will now consider the asymptotic behavior of the approximation 
(3.2.27) for small and large x. For small x we can write 
W) z 1 -2b,x+cX312+.*.. (4.1) 
If we choose the minus sign in the approximation (3.2.27) we will get the 
positive sign in (4.1). Since 6, is an arbitrary constant, choice of 
24 = B = 1.58 as in (2.1) and (2.2) will recover the Fermi approximation 
(2.1) and the first three terms of the Baker series (2.2). However, in order to 
avoid singular behavior of the approximation in the domain of interest, we 
will choose the positive sign in (3.2.27). The constant b, is still chosen to be 
B/2. This will ensure a proper slope for the solution at x = 0. 
The asymptotic behavior of the solution is studied as follows. The Thomas- 
Fermi equation is a particular case of the more general Emden-Fowler 
equation (4.2) given below. Equations of this genre were studied by Emden 
and Fowler in connection with the distribution of matter in polytropic gas 
spheres. A unified presentation of Fowler’s researches on such equations is 
given by Bellman [8]. The following lemma is useful [8]. 
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LEMMA. If a + 2 > 0, every positive proper solution of, 
U” - pun = 0 (4.2) 
has the asymptotic form, 
u - Ct-b+2)l(n-l) as t+cQ. (4.3) 
For the Thomas-Fermi equation the solution is, therefore, asymptotic to 
TN- ;3 as x--t co. (4.4) 
This behavior is correctly given by our approximation (3.2.27). This is 
true whatever values are taken by the arbitrary constants. Further all solu- 
tions are monotone. We further notice that the second solution in (3.2.27) 
reduces to the exact particular solution, ye, as given by (2.3), when the arbi- 
trary constants a, and a, are chosen to be zero. 
If we use the transformation 
Eq. (1.1) becomes 
which is the form of the equation first given by Thomas and Fermi. The two 
dimensional analog of (4.5) is given by [4]: 
ty + ; I#’ = *. (4.6) 
The solution of (4.6) is a cylinder function Z,(ix). The only cylinder function 
which has the required logarithmic behavior near x = 0 and vanishing at 
x -+ CO is the Hankel function of the first kind H,,l(ix). This function asymp- 
totically behaves as (e-“)/xl/a and, therefore, it can only represent a neutral 
two dimensional atom. The corresponding fact is true for (4.5). Now the 
boundary conditions (1.2), (1.3) require that 4 N 1 /x near x = 0 and # + 0 
for x -+ co. There is no solution of (4.5) satisfying these conditions other than 
the one obtained by Thomas and Fermi for neutral atoms. 
Similarly, since our approximation (3.2.27) vanishes only at x = co, this 
can only represent neutral atoms. For positive ions, however, we shall require 
the potential to vanish at a finite distance from the nucleus. 
Figure 1 shows a pictorial representation of the extended functions. The 
solutions QT~, TJ and q2(~, , 1 7 ) are represented in three-dimensional 
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space as shown. p1 is constant along TV but decays as 4/(b, + or)” along or , 
while 4ijs behaves as ~T,/(u, + 7J2 and increases linearly along T,, . In each 
case the projection of the extended surface along the trajectories defined by 
2 ra3i2 and 7a2/6 depicts the solutions in the t domain. 
FIG. 1. Function surface in extended space. 
A comparison of the numerical integral of (1.1) with the approximation 
(3.2.27) is depicted in Fig. 2. The positive sign is chosen to avoid singularities 
and the arbitrary constant a, is chosen to satisfy the boundary condition at 
x = 5. The rationale is as follows. The solution (3.2.27) satisfies the equa- 
tion (1.1) and the boundary conditions (1.2) and (1.3) for any positive value 
for the arbitrary constants. In order to get a unique solution the constants 
must be chosen suitably. The Thomas-Fermi model itself is not accurate for 
large distances from the nucleus and, therefore, the second boundary con- 
dition (at x = 5) fixes the constant a,, . The clock integration constant a, can 
be chosen, for instance, to fit the slope at x = 5. Or more simply, it is taken 
to be zero. With this choice it is seen that the multiple scales approximation 
yields a uniformly valid description of the Thomas-Fermi potential. 
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FIG. 2. Thomas-Fermi potential. 
5. SUMMARY AND CONCLUSIONS 
We have noticed that the present approach has a number of useful features. 
We have used the novel technique of multiple scales in obtaining asymptotic 
solutions to the Thomas-Fermi model. The method is mathematically 
straightforward. Physically it is meaningful in employing two independent 
observers, each observing different aspects of the phenomenon. In particular 
the scale functions are nonlinear, which is a generalization of earlier time 
scale analysis. 
Our solution exhibits the following features. Near the origin (i.e., nucleus) 
the approximations of Fermi and Baker are recovered. At large distances the 
correct asymptotic behavior is described. Further, the particular exact solution 
used by Sommerfeld is also obtained as a special case of our result. The 
solution is obtained analytically and by a deductive procedure with sufficient 
freedom in regard to arbitrary constants, etc. to absorb the boundary con- 
ditions and to effect improvements. The secular behavior of the Baker series 
is eliminated and the solution is uniformized for both small and large X. 
Thus, a uniformly valid description of the solution has been obtained. Som- 
merfeld’s solution is more accurate. However, it underestimates the value of 
the potential at small distances from the nucleus. Since our solution exhibits 
both positive and negative errors it seems that the integral of the error is 
minimized. Further, since the many arbitrary constants can be chosen dif- 
ferently, another choice may well prove to be optimal with respect to a 
suitable error criterion. 
We have only examined first-order theory. Higher approximations can be 
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obtained in two ways: (1) using more scales, (2) expanding the dependent 
variable, or a combination of both. It is felt that greater numerical accuracy 
can be obtained by including higher order terms in this manner. 
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